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We show that the best variational ground state of the spin- 1
2
Kagome antiferromagnetic Heisenberg
model with nearest-neighboring exchange coupling(NN-KAFH) is a Z2 spin liquid state, rather than
the widely believed U(1) Dirac spin liquid state. The spinon excitation in the Z2 spin liquid state
has a small gap of about 1/40 of the spinon band width. We find that while the Z2 and the U(1)
spin liquid state have a large overlap on finite clusters and are thus very close in energy, they host
totally different spinon excitation spectrum. The strength of the RVB theory becomes particularly
clear in such a situation, as it provides not only a variational understanding of the ground state
structure, but also a comprehensive picture for the excitation spectrum of the system. Our result
indicates that the spin- 1
2
NN-KAFH should be better understood as a nearly critical system, rather
than a prototypical gapped Z2 spin liquid system.
PACS numbers:
The spin- 12 Kagome antiferromagnetic Heisenberg
model(KAFH) is an extensively studied system of frus-
trated quantum magnet in the search of quantum spin
liquid1–17. While it is now generally believed that
the ground state of the spin- 12 KAFH with nearest-
neighboring exchange coupling(NN-KAFH) is a quantum
spin liquid, it is strongly debated on the exact nature
of such a novel quantum state of matter. Variational
studies based on the resonating valence bond(RVB) the-
ory have accumulated extensive evidences for the U(1)
Dirac spin liquid scenario18–22. This conclusion is also
supported by several recent numerical studies with other
approaches23–25. On the other hand, a gapped Z2 spin
liquid state has also been claimed as the true ground
state of the system by many other studies26–32.
According to the RVB theory, a Z2 gapped spin liquid
state can be realized in the vicinity of the U(1) Dirac
spin liquid state when one introduce second-neighboring
RVB parameters33,34. In a previous work of us35, we find
that a Z2 spin liquid state with a small spinon gap is
indeed more stable than the widely believed U(1) Dirac
spin liquid state. We also find that while the Z2 and the
U(1) Dirac spin liquid state have a large overlap on fi-
nite clusters, and are thus very close in variational energy,
they host very different spinon excitation spectrum. This
result is challenged by a further variational study36,37,
which claims that when the energy difference between
the U(1) and the Z2 spin liquid states is extrapolated
to larger system size, it will eventually become negative.
However, as will be shown in this work, such an extrap-
olation is unreliable since the variational energy of the
U(1) and the Z2 spin liquid state exhibit rather different
scaling behaviors at large system size.
In a recent work38, we find that the mapping between
the RVB parameters and the spin liquid state is not al-
ways injective on the Kagome lattice as a result of a spe-
cial flat band physics. In particular, we find that the U(1)
Dirac spin liquid state with only nearest-neighboring
RVB parameter18,19 can be generated from a continuous
family of gauge inequivalent mean field ansatzs, whose
RVB parameter on the second and the third neighboring
bonds are identical. However, the spinon spectrum cor-
responding to these mean field ansatzs are very different
from each other and depend sensitively on the strength
of the second neighboring RVB parameter. This finding
implies that the RVB parameters encode more informa-
tion than just the ground state structure. It also implies
that the optimization of the RVB parameters around the
U(1) Dirac spin liquid state is a rather subtle problem.
In particular, one should include the second and the third
neighboring RVB parameters simultaneously in the vari-
ational description of the spin liquid state of the spin- 12
NN-KAFH.
Building on these new developments, we have reinves-
tigated the variational ground state of the spin- 12 KAFH
with both the second and the third neighboring RVB pa-
rameters. We have performed large scale variational op-
timization and finite size scaling analysis for the spin- 12
KAFH and find that the best variational ground state of
the system is a Z2 gapped spin liquid state. The spinon
gap in the thermodynamic limit is found to be about 1/40
of the spinon band width. We find that although the Z2
and the U(1) spin liquid state have a rather large overlap
on finite clusters, and are thus very close in energy, they
host totally different spinon excitation spectrum. Our re-
sult demonstrates clearly the strength of the RVB theory,
which provides not only an understanding on the ground
state structure, but also a comprehensive picture for the
excitation spectrum of the system.
The spin- 12 KAFH studied in this work has the Hamil-
tonian
H = J
∑
<i,j>
Si · Sj .
The sum is over nearest-neighboring bonds. To describe
the spin liquid ground state of the system in the RVB
scheme, we introduce Fermionic slave particle fα and rep-
resent the spin operator as S = 12
∑
α,β f
†
ασα,βfβ . Such
a representation is exact when the slave Fermion satisfy
the constraint
∑
α f
†
αfα = 1. The RVB state is generated
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2from Gutzwiller projection of the mean field ground state
of the following Hamiltonian
HMF =
∑
i,j
ψ†iUi,jψj .
Here ψi =
(
fi,↑
f†i,↓
)
, Ui,j =
(
χi,j ∆
∗
i,j
∆i,j −χ∗i,j
)
. χi,j and ∆i,j
denote the RVB parameter in the hopping and pairing
channel.
We note that the RVB state so constructed is invari-
ant when we perform a SU(2) gauge transformation of
the form Ui,j → G†iUi,jGj on the RVB parameter Ui,j ,
in which Gi is a site dependent SU(2) matrix
34. Thus,
to generate a symmetric spin liquid state, the RVB order
parameter Ui,j should be invariant under the symmetry
operations only up to a SU(2) gauge transformation. The
gauge inequivalent way to choose such a gauge transfor-
mation provides a guiding principle to classify the resul-
tant RVB states34. For example, in a Z2 spin liquid state,
the translational symmetry can be realized either by as-
suming a translational invariant RVB ansatz, or an RVB
ansatz that differ by a Z2 gauge transformation from the
translated ansatz. Here we only consider Z2 spin liquid
state of the second type, which can have a smooth con-
nection with the U(1) Dirac spin liquid state.
At the same time, we note that although the exchange
coupling in the Hamiltonian is restricted to the nearest-
neighboring bonds, the RVB parameter Ui,j can be more
extended in space. In our study, we will keep RVB order
parameters Ui,j up to the third neighboring bonds. We
find that the inclusion of longer range RVB parameter is
crucial in the variational study of the spin liquid state in
the vicinity of the U(1) Dirac spin liquid state, around
which the mapping between the RVB parameters and the
spin liquid state is non-injective38.
The mean field ansatz of the U(1) and the Z2 spin
liquid state studied in this work are illustrated in Fig-
ure 1. The green parallelogram donotes the unit cell of
the Kagome lattice, with a1 and a2 as its two basis vec-
tors. The blue, yellow and pink lines denote the first,
second and the third neighboring RVB parameters Ui,j .
RVB parameters in other unit cells can be found from
them through lattice translation. For the spin liquid state
studied here, Ui,j is translational invariant along the a2
direction, but will change sign when translated in the a1
direction by one lattice constant, if the cell index of site
i and j in the a2 direction differ by an odd number.
For the U(1) spin liquid state, the RVB parameters
take the form
Ui,j =

−si,j τ3 first neighbor
−si,j ρτ3 second neighbor
−si,j ητ3 third neighbor
(1)
Here a chemical potential term is implicitly assumed to
enforce the half-filling condition on the Fermion number.
τ3 =
(
1 0
0 −1
)
is a Pauli matrix and ρ, η are two real
a1 
a2 
FIG. 1: Illustration of the mean field ansatz of the U(1) and
the Z2 spin liquid state studied in this paper. The green
parallelogram denotes the unit cell of the Kagome lattice,
with a1 and a2 as two basis vectors. The blue, yellow and
pink lines denote the first, second and the third neighboring
RVB parameters Ui,j . RVB parameters in other unit cells can
be generated from them through lattice translation. Note that
Ui,j is translational invariant along the a2 direction, but will
change sign when translated in the a1 direction by one lattice
constant, if the cell indices in the a2 direction of site i and j
differ by an odd number.
variational parametrs. si,j = ±1 is introduced to gen-
erate the sign change when we translate Ui,j in the a1
direction. They equal to 1 for the RVB parameters illus-
trated in Figure 1. In a previous work38, we have shown
that for −0.6 ≤ ρ = η ≤ 0.2, the ground state of the
mean field Hamiltonian is independent of ρ.
For the Z2 spin liquid state, the RVB parameters take
the form
Ui,j =

−µ~nφ1 · ~τ on− site
−si,j τ3 first neighbor
−si,j ρ~nφ2 · ~τ second neighbor
−si,j η~nφ3 · ~τ third neighbor
(2)
Here ~τ = (τ1, τ2, τ3) are the Pauli matrices, ~nφ =
(sinφ, 0, cosφ) is a unit vector in the τ1−τ3 plane. µ, ρ, η
and φ1,2,3 are six real variational parameters of the Z2
spin liquid state. It can be easily checked that spin liquid
state generated from the U(1) and the Z2 ansatz respect
all physical symmetry of the KAFH. At the same time,
the Z2 spin liquid state reduces to the U(1) spin liquid
state when φ1,2,3 = Npi, in which N is an arbitrary inte-
ger.
The remaining task is to find the optimized value of the
RVB parameters for the spin- 12 NN-KAFH. The calcula-
tion is done on a L× L× 3 cluster, with periodic - anti-
periodic boundary condition on the mean field ansatz.
In a series of previous variational studies19–22,36,37, it is
claimed that the U(1) Dirac spin liquid state is the best
variational state of the spin- 12 NN-KAFH. Here we show
that this is not true. In Figure 2 and 3, we plot the op-
timized values of the RVB parameters for the U(1) and
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FIG. 2: The optimized RVB parameters of the U(1) spin
liquid state.
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FIG. 3: The optimized RVB parameters of the Z2 spin liquid
state, (a)the amplitude µ, ρ and η, (b)the gauge angle φ1,2,3.
the Z2 spin liquid state. The largest cluster size that we
have achieved good convergence in the RVB parameters
is L = 18, beyond which the optimization procedure be-
comes numerically too expensive. The minimum of the
U(1) spin liquid state is found to be very close to the line
ρ = η, where the mapping between the U(1) spin liquid
state and the RVB parameters is non-injective.
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FIG. 4: The variational energy of the U(1) and the Z2 spin
liquid state. The inset shows the details for large L. The
error bar of the data is smaller than the symbol size.
In Figure 4, we plot the energy of the U(1) and the Z2
spin liquid state for cluster with L = 4 through that with
L = 18. The results show convincingly that the Z2 spin
liquid state is more stable than the U(1) spin liquid state
in the thermodynamic limit. We find that the energy of
the U(1) and the Z2 spin liquid state exhibit different
scaling behaviors at large L. In particular, while the en-
ergy of the Z2 spin liquid state increases monotonically
with L as EL = E∞ − αL−4 for large L, a maximum
appears at L = 12 in the energy of the U(1) spin liq-
uid state. Thus, a simple polynomial extrapolation of
the energy difference between the U(1) and the Z2 spin
liquid state from the data with small L, as was done in
Ref.[36], can not provide useful information concerning
the thermodynamic limit.
We now show that the Z2 spin liquid state we find is
indeed gapped. In principle, it is impossible to extract
the excitation gap directly from the variational ground
state. Here we will present instead the result of the mean
field spinon gap. The amplitude of the RVB parameter on
the nearest-neighboring bonds will be taken as the unit
of energy. The spinon gap so defined provides a relative
measure of the spin excitation gap in terms of the spinon
band width. The spinon gap on finite clusters for both
the U(1) and the Z2 spin liquid state are plotted in Figure
5. We find that the spinon gap in the U(1) spin liquid
state extrapolates to zero in the thermodynamic limit
following the scaling ∆ ≈ αL−1, which is the expected
behavior for a Dirac spin liquid. On the other hand, the
spinon gap of the Z2 spin liquid state is found to approach
a finite value of ∆0 ' 0.1 in the thermodynamic limit
with the scaling ∆ ≈ ∆0 + βL−2, as is expected for a
gapped system39.
We note that the energy difference between the U(1)
and the Z2 spin liquid state is extremely small, although
they have very different RVB parameters. To find if the
two states are close to each other in the Hilbert space,
we have calculated the overlap between them. We find
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FIG. 5: The scaling of the mean field spinon gap with L. The
red dashed lines denote the linear fitting of the data. Note
that the spinon gap in the U(1) and the Z2 spin liquid state
exhibit different scaling with L.
that the overlap is quite large on finite clusters. For ex-
ample, the overlap is as high as 0.93 on a L = 18 cluster,
which is the largest one on which we have achieved good
convergence in the RVB parameters. The exceptional in-
sensitivity of the RVB state to the change in the RVB
parameters as exposed here is rather unusual and may
be attributed to the same flat band physics discussed in
Ref.[38]. Indeed, one find that the second and the third
neighboring RVB parameters are very close to each other
in both the U(1) and the Z2 spin liquid state.
On the other hand, the spinon spectrum of the U(1)
and the Z2 spin liquid state, which are plotted in Fig-
ure 6(a) and 6(b), are totally different. In particular,
while the quasi-flat band appears at rather low energy
in the spectrum of the U(1) spin liquid state, they are
pushed to the top of the spectrum in the Z2 spin liquid
state. The extreme insensitivity of the ground state en-
ergy to the excitation spectrum as exposed here clearly
demonstrates the virtue of the RVB theory, which pro-
vides not only a variational understanding of the ground
state structure, but also a comprehensive picture for the
excitation spectrum of the system. Such spectroscopic
information would be inaccessible with other numerical
FIG. 6: (a) and (b) The mean field spinon spectrum of the
U(1) and the Z2 spin liquid state. The inset of (a) presents
the low energy details of the spinon spectrum of the U(1)
spin liquid state. Both spectrums are calculated with the
optimized RVB parameters for L = 18. In the case of the
U(1) spin liquid, we have folded the hole-side of the spinon
spectrum to positive energy so as to facilitate a meaningful
comparison with the spectrum of the Z2 spin liquid state.
approaches that focus only on the ground state. We note
that except for the small gap, the spinon excitation spec-
trum of the Z2 spin liquid state is very close to that of
a standard Dirac spin liquid state with a particle-hole
symmetric spinon excitation spectrum. It is thus not
surprising to find Dirac-like spinon response on a finite
cluster24.
In conclusion, we find that a Z2 spin liquid state is
more stable than the generally believed U(1) Dirac spin
liquid state for the spin- 12 NN-KAFH. We find that the
Z2 spin liquid state has a Dirac-like spinon excitation
spectrum with a small gap of about 1/40 of the spinon
band width. We also find that while the Z2 spin and
the U(1) spin liquid state have a rather large overlap on
finite clusters, they host totally different spinon excita-
tion spectrums. The small size of the spinon gap and the
large overlap of the ground state with the U(1) Dirac spin
liquid state on finite clusters indicate that the spin- 12 NN-
KAFH should be better understood as a nearly critical
system, rather than a prototypical gapped Z2 spin liquid
5system40. We believe this is the reason why the ground
state of the spin- 12 NN-KAFH is so controversial. It is
interesting to see if one can drive the system deeper into
the gapped Z2 spin liquid phase by introducing pertur-
bation away from the NN-KAFH point, so that one can
conclude the nature of the spin liquid state with more
confidence in numerical simulations. The fully frustrated
perturbation proposed in Ref.[38] is particularly promis-
ing in this respect.
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